Abstract. In 1994 Morris Newman showed that a unimodular quadratic form on a lattice over a principal ideal domain can be represented by a triplediagonal matrix of a rather special form, though the matrices associated with a given lattice in this way are generally not unique. The present paper considers positive definite unimodular lattices over the integers, and it begins the exploration of connections between those special matrix representations for a given lattice and the isometry class of that lattice.
The isometry problem for unimodular lattices over the integers is a major open problem that has this equivalent matrix-theoretic formulation: given symmetric unimodular matrices A 1 , A 2 in GL n (Z), is there a unimodular matrix T ∈ GL n (Z) such that t T A 1 T = A 2 ? If this is the case, we write A 1 ∼ = A 2 and say that A 1 and A 2 are congruent over Z. For the geometric formulation of the problem, let V be an n-dimensional quadratic space over Q. Thus V is a vector space over Q carrying a symmetric bilinear form B : V × V → Q with associated quadratic form q : V → Q given by q(v) = B(v, v) for all v ∈ V . A Z-lattice L on V is a Z-module of the form L = Zv 1 ⊕ · · · ⊕ Zv n , where B = {v 1 , . . . , v n } is a basis for V . The associated matrix A = B(v i , v j ) is the Gram matrix of L with respect to (or "in") B, and we write L ∼ = A with respect to B. Changing the basis of L results in a congruence transformation of the Gram matrix. We call L unimodular if its Gram matrices are unimodular. In this setting, the unimodular classification problem is this: given unimodular lattices L 1 and L 2 on a space V , is there an isometry σ ∈ O(V ) such that σ(L 1 ) = L 2 ? An important special case of this problem is the question of whether a given unimodular lattice is actually isometric to the so-called "standard" unimodular lattice Z n . The unimodular classification problem has been solved when q is indefinite, that is, when the range of q contains both positive and negative numbers. (See Gerstein [4] , Theorem 9.22.) But it remains open in the definite case, and without loss of generality from now on we will assume all our spaces and lattices are positive definite: q(v) > 0 for all v = 0.
In the 19th century Jacobi showed that every symmetric integral matrix A is congruent to a matrix in triple-diagonal form. More recently, Newman [7] showed that if A is unimodular one can achieve a triple-diagonal form in which all elements on the sub-and super-diagonals are 1's, except for the bottom entry. In [3] a lattice L ∼ = [a 1 , . . . , a n ] was called nearly unimodular for two reasons: elementary row and column operations show that all but one of the invariant factors of the matrix [a 1 , . . . , a n ] are 1's, and Newman's theorem shows that a unimodular lattice L of rank n + 1 has a nearly unimodular sublattice of rank n. So, upon localization over the rings of p-adic integers, it follows that if a nearly unimodular Z-lattice L of rank n is a sublattice of a unimodular Z-lattice M of rank n + 1, then over the p-adic integers the localized lattice L p contains a unimodular orthogonal component of M p of rank ≥ n−1. It is therefore reasonable to hope that considering the nearly unimodular lattices inside a given unimodular lattice M will lead to useful invariants for the isometry class of M .
In this paper we start by showing for which sequences of integers a 1 , . . . , a n a lattice L ∼ = [a 1 , . . . , a n ] extends to a positive definite unimodular lattice of rank n + 1 with a Gram matrix of the form
and then we explore some consequences of this result. This will leave other problems for further research: applying the Jacobi/Newman algorithm to an assortment of Gram matrices for a given unimodular lattice will yield different nearly unimodular sublattices. Can one characterize the isometry classes of nearly unimodular lattices inside a given unimodular lattice? And if so, will that lead to a solution to the classification problem for positive definite unimodular lattices? In pursuit of a canonical form for the Gram matrices of lattices in a given class, can one extend Jacobi/Newman so that the resulting a i appearing on the diagonal satisfy a reasonable bound, or so that the discriminant d[a 1 , . . . , a n ] is small?
Apart from the number-theoretic interest in classification of integral quadratic forms, lattices of the kind under discussion have applications in topology. Unimodular lattices are important invariants of 4-manifolds. For example, Freedman has shown that two smooth simply-connected 4-manifolds are homeomorphic if and only if their associated unimodular lattices are isometric. (See Freedman and Quinn [2] ; or see Scorpan [9] , page 240, for details.) And nearly unimodular lattices have arisen recently in the work of Greene [5] in connection with the study of lens spaces. (In [5] the lattices denoted here by [a 1 , . . . , a n ] are called linear lattices.)
It is known that every positive definite unimodular Z-lattice L of rank n ≤ 7 has an orthonormal basis {e 1 , . . . , e n }. (See O'Meara [8] , §106D.) Since every primitive vector (a vector extending to a basis of L) is a primitive linear combination of the e i , it follows that every diagonal entry on a Gram matrix for such a lattice L must be a primitive sum of n integer squares.
From now on we will write PDU for the expression "positive definite unimodular." When one begins to consider larger numbers as potential matrix entries, numbers that are primitive sums of squares may be expressible in many ways as primitive sums of squares. In fact every positive integer k is a primitive sum of five squares: k − 1 is a sum of four squares (by Lagrange), and add 1 to that. Moreover, PDU lattices of rank n ≥ 8 need not have orthonormal bases, and in fact the number of isometry classes of PDU lattices of rank n grows rapidly with n. Therefore the consideration of sums of squares will generally not be sufficient to answer to our question of when a nearly unimodular lattice [a 1 , . . . , a n ] extends to a PDU lattice with Gram matrix ( * ). From now on we will denote the matrix ( * ) by [a 1 , . . . , a n | a n+1 ; c].
Given integers a 1 , . . . , a n , define d 0 = 1, and for n ≥ 1 define d n = det[a 1 , . . . , a n ]. Notice that d n = a n d n−1 − d n−2 . In what follows, we let d Z (mod d n ) . Theorem 1. The nearly unimodular matrix [a 1 , . . . , a n ] extends to a PDU matrix of the form A = [a 1 , . . . , a n | a n+1 ; c] if and only if c is a solution to the congruence Example 2. The purpose of this example is to show that if the nearly unimodular lattice L ∼ = [a 1 , . . . , a n ] extends to the PDU lattices
. . , a n | a n+1 ; c] and M 2 ∼ = [a 1 , . . . , a n | a n+1 ; c ], then M 1 and M 2 need not be isometric. Recall that there are exactly two isometry classes of PDU lattices of rank 8: the class of the standard lattice Z 8 ∼ = 1, . . . , 1 (this is odd or type I) and the class of the even (or type II) PDU lattice E 8 . But we claim that both of these lattices are of the form [2, . . . , 2 | a 8 ; c]. By an induction argument, the discriminant of a rank n lattice [2, . . . , 2] is n + 1. The theorem tells us that the rank 7 lattice L ∼ = [2, . . . , 2] extends to at least one PDU of rank 8: 
and
While the preceding example shows that a lattice L ∼ = [a 1 , . . . , a n ] does not determine a unique class of PDU lattice M ∼ = [a 1 , . . . , a n | a n+1 ; c] to which it extends (provided that there is at least one such extension), the following theorem tells us that L together with the congruence class of c mod d n uniquely determines the class of M . Theorem 2. Given a nearly unimodular lattice L ∼ = [a 1 , . . . , a n ], with a i ≥ 2 for all i. Suppose L extends to a PDU lattice M ∼ = [a 1 , . . . , a n | a n+1 ; c], and suppose c ≡ c (mod d n ). Then there is a unique integer a n+1 such that M ∼ = [a 1 , . . . , a n | a n+1 ; c ].
Proof. Assume c = c + kd n .
. . , a n | a n+1 ; c] in the base {v 1 , . . . , v n+1 }. Define
for 1 ≤ i ≤ n, and set a n+1 = q(v n+1 ). Suppose n is even. Then
And for 2 ≤ j ≤ n − 1 we have
Finally,
Now suppose n is odd. Then
The proof that B(v n+1 , v j ) = 0 if j ≤ n is essentially the same as when n is even. In brief: the values of B(v n+1 , v j ) for j ≤ n − 1 when n is even get multiplied by −1 if n is odd. Uniqueness of a n+1 follows from the fact that dM = 1. Recall that if primitive roots exist mod m-that is, if m is 2 or 4 or p α or 2p α for some odd prime p-then a quadratic congruence mod m has at most two solutions.
(See Ireland and Rosen [6] , Chapter 4, §2.)
Corollary. Suppose primitive roots exist mod m. Given a 1 , . . . , a n with a i ≥ 2 for all i. If d n = d[a 1 , . . . , a n ] = m, then there is at most one isometry class of PDU lattices of the form [a 1 , . . . , a n | a n+1 , c]. 
